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RESE.ABCH .)N N3~ LINF..AR DIFYER~~TIAL EQUATIONS

Robert H .  Martin , .r .
Department of Mathematics

North Carolina State Un ive r s i t y
Raleigh 1 North aro .ina 2 6 ~~

The iath t o p i c  of resea.rcr~ Investigated iur~ ng th i s  p rc~ ect Is t i e

develo~~ent ~.ni app .I~ ation of abstract tec~-.ni~ues io~ ~r~er study the

behav’io r ~f ~~t i on~i to ~or..i~ near systems cf parabolIc equatlcns . The

~~t~ r t ore ~e erateI  by this prc .~ect Ir~c odes the published artIcles ! . ]  —

t~ e acoepte•~ ti e  (5~ 
— ‘~~o t~-.e &rtic~.e ( )  that Is to  be ~ubn:tted.

r~~ order y~~~ theme s each of these results are me concepts of invar i~~ t

~e o , ~uai~ tIes , v~.I s tabi l . ty f~ r ~: t ~~~~s to Ilfferentia. eq~uations.

Most of t -~e abstract ~~i~ ues ccr.r.ected with these Ideas were leveloped ear ler

.~ e arm:les ( 9 ]  — [ : ].  T h e r e f ;r e , we restri:t our attentIon in this report

to me Ies:ri~ tior. of s~~.to o e : ~~ y a p :~i~~ 
these abstract techniques to

~io~~~ u~ar .

:~ the t enat 4
~~ .. modelIr~ a ~~ .ii ar con tro l rrocess w ith  p cs t t i ve

feedback one ~btaIn~ a system ~f ordInary fferent~ al. equat I ons of the fo lowin g

= ~~~~~~~~~ + h ( z )  , a

(1)  z ’ . a _41
~~~

Z
2 ~~ 

:2
( 0 )

S • z ( O )  — ~~~~~~~~~

‘N~~ ber s in br a~*ets refer to the biblio~~ aphy lo c at ed at the end of t h is  report .

—
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vhere~~ 4 > O f o r 1 .,m , ~>l , and

(2) h(r~ — r
0(l+r0)~~ for e.ll r’O .

Several authors have investigated the existence of and the stability properties

of nonnegatIve critical points (equilibrium solutions) t o  this feedback system.

However , the earlier works on this  model lId not ~~e the fact that solutions to

this equat~ or. preserve inequalItIes : if :‘ .;~~ ) Is the solution to (.) for each

~:‘:en norne~atite I n It ial value i a (n ,),~~, then : t ; r )  > zt ;~~ (componentv ise)

for all t > ~ whenver ‘~‘~~3 (componentwise). Th13 :tser ’iatlor . allows one to

both improve and si~ p . i f y  p revIou s results. A...oo, abst ract t echniques allow muc h

more .~eneral e;uations to he otudle.I . ~‘irst we :or.sider the acsociated reaction—

I o f f ~ z . on . iysten .

— 1:” x~~°. 
— +

— — • (t ,x)  ~ ( 2 ,a x ’J ,..

( 
~
)

o — I u —‘ii u +
t n  nxx n

t o  me i n I Ial :or .dI t~ ons

~~
.) o.~~~,x)  a 

~, ( x )  
~ ~~

,. . . ,; 3 ,x ) — x )> ’ fo r  x c f O ,~. )

~u~I th e  boun dary :ondIt~~ons

— ~~u 1 ( t , ’) — p.~~~u .(t ,l)  ‘ ~~~~~~~~~~~~~~~~ 0
( 5)

for alI t ~~and

whe re 
~~~~~

, ~, >O and p, ,p. £ ~J . :1 are such that  — I whenever p 0 and

— . wt~er~eve r p. D. Consider also the linear eigenvalue problem

• (x )  + ‘ax )  — ~~,

p 1 ( 0 )  — 
%

‘O) p . 1 ( l )  + — 0

L _ _ _ _ _  ~~~~~~~~~~~~~~~~~
—---



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -~~ ~~~~~~~~~~~~~—.---

6

and let • 
~ 

denote the first eigenva.lue (note that > 0 and that 0

only I f  the boundary conditions are 1 (0) a • ‘( :)  — 0). The techniques and

results in ( 3 ]  show that the followi ng beha vIor patterns for solutions to ( 3 )  —

( 5 )  in

THEOR.~~1 1. Suppose that a .  I in the def ~n I t ion  (2 )  of h~~, th at ±
)~
l . . .I d are

po simve constants in equation ( 3 ) ,  and that \ , is the f I r s t  eigenve.lue of

equation (~~~
) .

(~~) :~ : (
~~~~~ 

• 
~~,.i . )  > . then for each nonn egative ~.ni t ial  value

— ( x . the ~c l ut i o n a (u .
n
. to ( 3 .  — (:) exists on

x [ J , ]  anI u ’ t , x)  e ~s t ~n i f o rniy f o r  x c  [0,1].

( I I )  (~~~ , + l , i~~~) < 1 then there ic a ~n i~ ue n ont r i via l , nonnegat i ve

e .i.ihri~~ 3o 1ut~.cn ~ — ( .  to 3) — ( a , :

O ( x )  — 

~ 
x) •

— 

~2~ 2 (x)  — ~i _~i . , ( x)  • • ,( x)

O — d $  ( x )  — i
n n

(X )  • $
m i

(X )

and

— ~~~~~~~ = p
1*

’.(:) • ~~*~~~~) 
a ~~~~ . .

Moreover , , (x )  ) 0 for all x and I , and f~r each nonne*zative ,

n on t r ivI al in I t Ia l  value •,
~ 

— ‘
~~~~~~~

‘“ the solution o 
~ 

(u 1~~~1 exists 
- —

.

~r. [0 ,.) x (0 , 1.] sni u~ t ,x)  • ( x )  as t 
~~~, 

unt formiy f~ r x c[T ,I].

1~ is Sf interest to note that when ~ — 1 the behavior of the solutions to the

ordinary &tffe re nti si. equation ( 1 )  is precisely the sane as that of the reaction —

_ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-. — _ _ _ _ _ _ _
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iiftuzion model if one replaces .s~ by ~ + A
i
d
i 

in (I).

A result similar to Theorem 1 can be obtained by considering time delays in

the feedback term s . Again suppose a —  I and consIder the delay differential

equation .

w~ 
‘ ( t )  a — i , v (t) + h , ( v  ( t — r  )) ,  v . ( s )  a 

~,(5 )~~ — r<s< 01

a — i~~w~~~~t
’ + w , ’ t — r , ) ,  u2

(s )  • ~~~s ) ,  —r ~~s<O

W ‘
~~~~) 

a — ~ w (t) + . — r . ) ,  w ~s)  — • ( s ) ,  — r  < s<’2m m  n- a. n—~ m

~~~~~ r~ > 0 and 
~~

. Is a given nonnegati ve f u n c t i o n  on [— r 4 , ]  f o r  eac h I —

The fo r  the systen 
~~

) ‘tr~ completely anal -~~o~~ to the corresponding

reactoon — i~ ffoston sy stem (~~) — ‘ 5 ) :

~~Z 2R ~~4 : ‘o n s i i e r  me ti.~ e delay do f fe ren t ia l  eo~u a t i o n  c) .

. i )  .. ~‘ . > 1 men f o r  each nonne ga t Ive Init ~ a fu n c t I on  s

-.me s:~~ot~~on v — (w , t~ ( ) exIs t  or. [~~, )  and V t )  ~ 8 as t ~

(tt) :f 

~ 

2. t:;ero t:’~ere .s a ~~~ nor.ne;at:ve , n o n t r i vIal vector

— C 
~ 

such that 4t) ‘ for t> :  (and •.. ( s )  ~ 6~
’ on (— r , , J

f o r  I — 1., . ..  ,~
) I s a constant solut ion to’ ~~

) .  Moreover ,

for all i 1 . , . . .  ,n and if  w is a nontr Ivial solutIon t o  ( )  then

5’ as t • •. This result Is from the article [s] .

Pe sult s have also been ob taI n ed on the behavior of solution to a nonlinear

parabolic system that arises in the study of gas—liqu i i reactions . The fundamental

equation has the form

—~~

— — . 
.—  - — —— -—— ——

-
~~~~ ~~~~~~~ ~~ ~~~~~~~~~~~~~~~~~~ 

— — - --—- - —~ --—~~~
.
~ — — ,
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a w t ,x) — i,~~~ u~t ,x )  — k y ( u ( t ,x ) ,  v ( t ,x ) )
t ~~x.x

(S)  >0

a~
v t t ,x) — d2

3 v~t,x ) + k y  ~~~~~~~~ v t ,x ) )  0<xC a

sub .~ect to the boun dary conditions

— a ~ v(t,o) a
(~~

) 0 X

3 v t ,.,) — 0

and the initial con dItI on s

( 1.0)  u. O , x ( ) ,  v 0 , x a v x ; , 0<x<c.

~~~~ I t  is assumed t h a t  a , b~ and ~ are given posItive constants, s Is either

a ~oaItive number or + •, and ~ is a real value functIon on (0 , a ]  x [3 , b
0

]

such toat

~. , v) v~ u ,b )  — .1 fo r a l .  ( O ,v~ c [0 , ~~J x (0 , b ]  and

( y . )  ) - ,‘ u ,v) > 0 and ~~~~~~~ ~ ,v )  < 0 f o r  all (u ,v) c (0, a~~ x (0 , b).

~The t:-~~ica1 exanp e of such a function y is ‘. u , v) — ii (b —v )~ where p , - ~ ~ a.
The I n : tia l  oor . dlt iona an5 v are also assumed to s a t i s fy  0 C u ( x )  ( a and

O < v ( x )  < b f o r  aimcat all x ‘

The analysts of this system tim nicely int o an abstract setting. ,et —

H he the 3anach spac e of all measurable functions • ~~~ from

(-0 , c) into ~~ such that

11 11. ~~ s~(x ’i ~(x ) I ]  ~
and ieflne 2 C It b yD a 

~~~~~~~~~~ 2~ 
£ it: 0 c (x . c and 0 ,2 (x)  < b a.e.

or. (0 , ~)). Note that 0 Is a closed convex subset of 1
1 (with empty interior !)

and that 2 is bounded only in case o c •.If 
~~~ 

•.) and 
~*1i*2 ) are in ~~ we

write I $ only in case ,1
(x)  C i~, ( x )  and •2 (x)  •2

(x) a.e. on (0,a). Concerning

the fundamental existence and behavior of solutions to (~~ — (1:) we have the

following result :

a — - - - -  _ _ _ _ _ _ _ _ _

~~~~~
--

~
-, ‘ —-

~ ~~~~~~~~~~~~~~~~~~~~~~~~~ — . ...
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0~HE 0R~~ 3. Suppose that (y l )  and (‘v2 ) are s&t lsf led . Then for each initIal

value (u , v )  ~ 2 the system (3 )  - :-o ) has a unique solution (u ,v) and this

soiut ~ on exists on (0 , a) x (O ,c) and satisfies (uk,.), v ct ,.)) e 2 for all

t > 3  ( i . e . ,  0cu(t ,x)~ca and )<v(t ,x ) c b  for all t > 0  and 0cx co) .  Moreover ,

if  ( t ) ( u ,v )  (u ~ t ,. ) , v t , . ) )  for  each initial value (u ~~ vQ ) in 0 , then S =

~S~ t) :t>2 } Is a semigroup of nonlinear operators mapping 2 into 2 that is non—

expansive and :-r der preserving:

C i )  . ( t + s ) ( u ,v )  a : (t ) : ( s Y u  ,v )  f -or all t;z>o and (u ,v ) c D ;

( : 1 )  l I t ~(~~.v~) — :‘( t )( ’o ,;~ ) II <~ I(~~,’~
) — ( 0 :,v 1.)~I: for all

t>~~ and (u ,v ) , (u,,v,) c and

( k i t )  0 ( t ) ,~- ) ~ c 2 t ’ ( u ,v.)  ~~~nev~~- ‘O an~ v o ,v ) , (u , , ’:~~~c 2  wi th

‘ 
c

The pro-o f of m~ s toec rem f o l l ows  fro m the res~ lts (8~ and is IndIcated in the

armcle  ( 5 ] .

The behavior of sa .utIons to (~~\ — ( l o )  ~o t -. • has also be Investigated in

~s well as In 
~ 3 . The ana ly si s  of mis  behav io r  i lvides natur ally int o tvc

parts: The f t l~ tneory (vnen a n d  the penetration theory vhen -
~ —

~7~E0?~~-~ ).~~~ 2sppose that the condition s and notat i ons In Theore m 3 are satisfied .

(I) there a unl ;ue equilibrlun solution * a 
~~~~~~~~ *2

) to ( 3 )  —

( :o )  [I.e., t$ . — k~~~~~) — 0 and _ kv (*) C on

— a , *2
( 0 )  — 0 , and *, (~~

‘ — • 0] and for eac h (u ,v0 ) c D ,

• * as t • • unI fo~~ ly for x c

‘i I )  :f a — there is no equilibrh~ solution to (3) — ( :3) and for each

( u , ,v,0 . £2 , [S ’t)(u ,v ) ]  (x) • ( a ,b ,.~) as t -
~ • un iforr ly for x In each

bounded subset of 10, ~~~ .

_____ ________________________ - 
- -
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The result s in Theorem ~ as well as more general results can be found in the

~~per ( c ] .

:r. [2] abstrac t techniques are applied to a mathematical model of a gas

exchange system . This system can be put in the following form. Suppose that

~~~, L , P , c , ,  ~~~~ ,~~~~, and k, , k . ,  k
3
, are positive numbers ; that ~ • (8

~
)
~ , 

and

.
~ a (“ I )

~~~
. are f-unctIon~ from ~

3x ~~ into F3 ; and that .i — (~~ )3, and

v ~ ‘j . )
3 are on(0 ,-. . :.)~~ , 

and w — w . ) ~~, na~ [ 2 ,L) into IF3, the

problem is t o  de te ~~~I ne the exIstence of functions u • (u. and v (v .)3.

fr o m  ( 0 , ~~~ [2 . L ]  in t o  and a f u nc t to r .  c from ( 2 ,.) x (3 ,t] into~~ such that

the parabolic system

a ~~~ , 
-
~~ — 

~ 
(..

~ 
) + 

~ 
-
~~

XX I x I I ‘ > 3 , 2< x <t

- - - - and = 2. ,  2 , 3.
— - • 1 — + v • s , v )

t t xx x -

Is 3at :sfled alon; wit:; the bcun dar’ c o n d i t i o n s

— n t ) ,  v~ t , 7 )  — ‘s •- )

= 
~~~~~~~~~~~~~ 

— : t , L )  a 0

me n t t i a i .  o - n d l t i o ns

~~~ .3) u~ 2 ,x )  • ~ x )  an d v 0,x ) — w x ’ <x< t .

as well as the sUe ocr.ditlcro

(:1) u1. (t ,x )  + -~ . ( , x)  + u . ( , x )  ! P for t>~~, 2Cx< L

The fo l lowing  cxl tence result can be four.i in (2 ~:

.2. addit lor .  to the suppost lons and notations In the preceding paragraph ,

let ~~, , P ., and P be positIve numbers , 1.et3

• (
~ ( P •  + + P and 

~~ ~~~ ~~

— ~~ £ P~~: for I 1, 2 , 3) ,

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~~~~
- - - - -

~~~~~~~~~~
- - - -  -



and assume also that the following is valid:

~i:) C : x , w~x)’c ~:~~ 2 for  -2< x c t  and (~~ t), v(t))c A1xA 2 for aLl

t > 2 ; and

(M2 ) :f (~~,n )  £ •~ , xA
2 

and ~ c ( l , 2 , 3)  then a 0 implIes 8~~~ ,i ; > c ;

— 3 Iz~lIes ~~~~~~ >0; and n 4 — R~ implies  Y
j

(~~~ 
v
~)i0.

Then t oe s : .stem (10) — ( l . )  has solut Io n on (3 ,. - x  ( ; ,L ] .

As ~p :~o s — d  to c c n s i ie r ~ n~ t h i s  system as a d i f f e r en t i a l  equation wi th  side

condlt:cn , it Is snovro in (.2] that one can wlish t o•~ existence of solutIons by

ng the abst rao t theory ;f ~nvar :ant  sets for evolu t ion  systems see [ ?] ) .

:~ ~
- .)  t~e ( 3 t r i c t , ~o~ pcr.en tw~ se)  p o s i t i v e n es s  of reaction dlff ’islcn systems

~l z )  ~~I ~~~~~ -o (0 , ) x . 2 f o r  - =

v 1 h  1n1 t t_ and boundary conditI -no

(1~~~) 
-~~ a 9 ( o ,a x~~2 and  -o — ~ on {D )  x .2

-tr ’ o ’ n s I d e r e - d  (as well as ~xt~~n s i o n  of such syste ms ) ~~ere .2 Is a sncc i. bounded

lomain in ~~~~~~
, d -s  me lap a o : a n  ope r a t or  on . ,  7 ~s the gradIent operator , and

I . os a ~ o s .t I v e  :onooant for each I.. rI er ia  .o ~ive n to insur e that

the inoti-tI val se x ~s n c r .t r iv i a l  componentwlse nonnegative on .1 then each

~onpc r.er.t of the solut~ or. u is s t r Ict ly  pos I t iv e  f o r  pos i t i ve  time : u c ,x)  e

(b u t  n ot  ien ically :~~r~~) In ch es t ha t  0 4 ( t  , x~ > 0  fo r all t> 2 , x~fl and i • 1,. .

ThIs results are obtain by conpa r i s on  with the ordinary di f ferentIa l  equat ton.

: ‘ t )  — g (t ,z~t)), t > 3

where g — (g 1 1
n
1 is ie f l ned on ( C ,. X P

m 
by

~~~~(t ,~~~) • F ,(t ,x ,-~, 8) for all (t ,~ £ (O ,.’)x~~~ and i 1,...,m.

( the point x0 is some given point in (2). ThIs typ e of maximum principle extends

a similar result established in ( 3 ] .

- — - -  -

-- - _____ — — — — - —~ ---- -
~~ 
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